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ABSTRACT
We investigated a semi-analytic and numerical model to study the geometrically thin
and optically thick accretion disk around Maclaurin spheroid (MS). The main interest
is in the inner region of the so called α-disk, α being the viscosity parameter. Analytical
calculations are done assuming radiation pressure and gas pressure dominated for close
to Eddington mass accretion rate and M˙ . 0.1M˙Edd respectively. We found that the
change in eccentricity of MS gives a change at high frequency region in the emitted
spectra. We found that disk parameters are dependent on eccentricity of MS. Our
semi-analytic results show that qualitatively an increase in eccentricity of MS has
same behavior as decrease in mass accretion rate. Numerical work has been carried
out to see the viscous time evolution of the accretion disk around MS. In numerical
model we showed that if the eccentricity of the object is high the matter will diffuse
slowly during its viscous evolution. This gives a clue that how spin-up or spin-down can
change the time evolution of the accretion disk using a simple Newtonian approach.
The change in spectra can be used to determine the eccentricity of MS and thus period
of the MS.
Key words: accretion, accretion disk, hydrodynamics, stars: neutron,
1 INTRODUCTION
Accretion disk remains a challenging problem mainly in the
context of its viscosity prescription and radiative processes.
The best known models for describing the accretion disk
were proposed by Shakura & Sunyaev (1973), Novikov &
Thorne (1973) and Lynden-Bell & Pringle (1974) also see
Abramowicz & Fragile (2013) for review. The underling as-
sumption behind all these models was a geometrically thin
accretion disk and because of this assumption accreting gas
is cool as compared to the local virial temperature. There
was also an assumption of equilibrium between viscous en-
ergy generation inside the disk and radiative cooling from
the surface of the disk, where radiative cooling was com-
puted with an assumption that disk is optically thick in the
vertical direction. Shakura & Sunyaev (1973) applied this
model to study accretion disk around non-rotating black
hole assuming spherically symmetric potential. Due to its
general applicability this model has also been extended to
study accretion disk around stars (Vaidya, Fendt & Beuther
2009; Chambers 2009), planets (Fung & Artymowicz 2014;
Keith & Wardle 2014), cataclysmic variables (Lasota &
Pelat 1991; Smak 2002).
? E-mail: mbhupe@camk.edu.pl
Novikov & Thorne (1973) extended Shakura & Sun-
yaev (1973) model to study thin accretion disk around ro-
tating black hole using Kerr space time. The accretion disk
around quark-stars has been studied using relativistic ap-
proach in Kova´cs, Cheng & Harko (2009). Bhattacharyya
et al. (2000) studied accretion disks around rapidly rotat-
ing neutron stars taking into account full effects of gen-
eral relativity. In which authors also studied the general
relativistic spectra from the disks around rotating neutron
stars with different equation of states, spin and mass. Re-
cently Gondek-Rosin´ska et al. (2014) also studied the effect
of oblateness of quark-star on the orbital frequencies to in-
vestigate the QPOs. Quark stars have also been in interest to
compare the properties of star with observations. Kluz´niak,
Bulik & Gondek-Rosin´ska (2001) studied the range of rota-
tional frequencies and masses of strange stars and compared
them with observations.
Bisnovatyi-Kogan (1993) studied that how mass accre-
tion can change the eccentricity of the rapidly rotating star.
Authors also suggested that this behavior can be applicable
in case of neutron stars, where a change in eccentricity can
cause luminosity fluctuations. Recently Khanna et al. (2014)
used pseudo Newtonian potential described in Kluz´niak &
Lee (2002) and MS potential to investigate eigenmodes of
trapped horizontal oscillations in accretion disk. We per-
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formed first time a semi-analytical and numerical study of
viscous accretion disk around an accreting source which has
spheroidal shape rather than spherical. We used MS poten-
tial (Chandrasekhar 1969) for a constant density and mass
of the central object. We investigated that how the non-
keplerian angular velocity will change the dynamics of the
accreting matter into the MS. Our goal is to study mainly
inner region of the accretion disk where the multipole ef-
fects of chosen MS potential dominates. We followed the
same model as Shakura & Sunyaev (1973) just by chang-
ing the potential of the central object for that of MS. We
used same constant α viscosity prescription to proceed ana-
lytic and numerical work. We did the analytical calculation
of various parameters of thin disk and we shall focus only
in the inner region which may be either radiation or gas
pressure dominated depending on mass accretion rate. For
close to Eddington mass accretion rate disk will be radia-
tion pressure dominated in the very inner regions and for
mass accretion rate, M˙ . 0.1M˙Edd it will be gas pressure
dominated (Shakura & Sunyaev 1973).
We took into account the main property of MS potential
which corresponds to innermost stable circular orbit (ISCO)
even in Newtonian dynamics (Amsterdamski et al. 2002;
Kluz´niak & Rosin´ska 2013). We chose a constant density
and mass MS and assumed that it is rotating rapidly. Dur-
ing its rapid rotation it can change its eccentricity and so
semi-major axis. The eccentricity decreases or increases, de-
pending on either the semi-major axis decreases or increases.
In Kluz´niak & Rosin´ska (2013), it has been shown that if the
eccentricity is less than a critical value of ec = 0.8345, the
ISCO will lie on the equator of the accreting source but if
it is higher than this critical value it will be detached from
the surface of the star. Keeping this change in mind we in-
vestigated the cases where eccentricity is less than critical
limit. We see a change in inner radius of the accretion disk
with change in eccentricity because the semi-major axis of
the accreting MS is changing. This change in the inner ra-
dius of the accretion disk due to change in eccentricity will
clearly change the calculated parameters like surface den-
sity, height and emitted spectra of the accretion disk. We
studied the time evolution of the accretion disk around MS
by solving the diffusion equation for the accreting matter.
We again assumed the MS potential to proceed with the
study of non-stationary disk. In numerical work we studied
how change in eccentricity will change the time evolution of
the accretion disk.
The article is organized in the following manner. In §2
we describe physical model of accretion disk which covers
steady thin disk and also numerical study of the time evo-
lution of the accretion disk. §3 is devoted for describing all
the results we obtained analytically and numerically. In §4
we discuss all the results described in §3 and we conclude
in §5 with future applications of our accretion disk model
around MS.
2 PHYSICAL MODEL
2.1 Maclaurian Spheroid
In our model the semi-major axis, a(e) of the MS changes
with eccentricity. We also assumed in our model that the
Figure 1. Sketch of the accretion disk around MS. For higher
value of eccentricity e the MS is more oblate and hence inner
radius of the disk is larger.
disk inner radius is same as semi-major axis of the MS, i.e.
disk terminates at the equator of the MS. This assumption
causes a change in inner radius of the accretion disk due to
change in eccentricity.
a(e) =
R0
(1− e2)1/6 (1)
where a(e) is the semi-major axis of the MS and R0 = a(0)
is the radius of spherical MS. The maximum value of eccen-
tricity in this paper is e = 0.8345. The reason of this limit
is due to fact that in case of potential for MS the maximum
of radial epicyclic frequency lies at r =
√
2ae for spheroid
eccentricities e > 1/
√
2 but it vanishes for ec = 0.83458318
at the equator of the star (Kluz´niak & Rosin´ska 2013). If
we still increase the eccentricity further e > ec, the inner-
most stable circular orbit (ISCO) will be separated from the
equator of star and it will be at rms = 1.198203ae (Kluz´niak
& Rosin´ska 2013). So we always kept the inner radius at
no-torque boundary (the radius at which there is zero vis-
cosity) which coincides with the variable semi-major axis of
MS. One can increase the eccentricity further to investigate
the accretion disk for which the inner radius does not lie at
the surface of MS but in this paper we shall not discuss it.
The angular velocity in case of MS potential is given by
Ω2 (e, r) = 2piGρ∗(1− e2)1/2e−3 [γr − cos γr sin γr] (2)
where γr = arcsin(ae/r), a is the semi-major axis of MS and
ρ∗ is density of the MS (Kluz´niak & Rosin´ska 2013). Now
we have angular velocity of the matter for chosen potential,
next goal is to follow Shakura & Sunyaev (1973) disk model
and do the calculations for angular velocity calculated from
Eq. 2. This analytic approach gave us various disk parame-
ters like, half-thickness, surface density, disk central temper-
ature and radial velocity in the inner region of the accretion
disk.
2.2 Steady thin accretion disk
We considered a geometrically thin accretion disk (height of
the accretion disk is much smaller than its radial structure)
around MS (Fig.1). Calculations are done in cylindrical coor-
dinate system (r, φ, z), assuming azimuthal symmetry. The
main interest of this model is to study the steady-state disk
c© 2014 RAS, MNRAS 000, 1–10
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to see the behavior of disk parameters and emitted spec-
tra form the accretion disk. To proceed the calculations for
steady-state disk we used Eq. 2 and Eq. 3 to analytically
calculate disk parameters in the inner region of the accre-
tion disk. In this section we shall present the calculations for
radiation pressure dominated as well as gas pressure domi-
nated region (opacity due to electron scattering). The disk
parameters for gas pressure dominated region with opacity
due to free-free absorption is presented in appendix A1. The
angular momentum equation in terms of angular velocity is
given by
ΣdΩr2
dt
= −Σvr dΩr
2
dr
=
1
r
d
dr
Wrφr
2, (3)
where Wrφ is the stress between adjacent layers (Shakura &
Sunyaev 1973), which is assumed to be a function of sound
speed, vs and surface density Σ.
Σ = 2
∫ z0
0
ρdz, (4)
Wrφ = −αΣv2s , (5)
In stationary disk model M˙ = 2piΣvrr = const and vr < 0.
Now integrating Eq. 3 we obtain
M˙Ωr2 = −2piWrφr2 + C, (6)
where C is constant which we calculated by using no-torque
boundary condition (Shakura & Sunyaev 1973). Finally we
get the equation to calculate disk parameters in all three
regions of the accretion disk.
M˙
(
Ωr2 − Ω(a)a2) = 2piαΣv2sr2. (7)
Now the energy flux radiated from the surface unit as func-
tion of Ω(e, r) is given by
Q = −M˙
(
Ωr2 − Ω(a)a2)
4pir
dΩ
dr
. (8)
using Eq. 7 and Eq. 8 together with assumption of radiation
and gas pressure dominated disk we calculated disk thick-
ness, surface density, temperature and radial velocity in the
inner region of the accretion disk.
2.2.1 Radiation pressure dominated region
In steady α-disk the total pressure is due to contribution
from gas pressure Pgas and radiation pressure Prad. If the
mass accretion rate is close to its Eddington value the inner
region of disk is radiation pressure dominated where in the
interaction of matter and radiation electron scattering on
free electrons has dominating contribution. We substituted
Ω(e, r) in Eq. 7 and Eq. 8 from Eq. 2 to calculate the disk pa-
rameters like disk half thickness z0(r), surface density Σ(r),
disk central temperature T (r) and radial velocity vr(r) of
the matter. We expressed the analytic expression in terms
of defined parameters γr, γa, pr, pa and k1 to simplify the
long expressions.
z0(r) =
σT M˙ sin
2 γr tan γr
(
1−
(
pa
pr
)1/2 (
a
r
)2)
8piprc
, (9)
Σ(r) =
32pic2p
1/2
r
(
1−
(
pa
pr
)1/2 (
a
r
)2)−1
ασ2T k
1/2
1 tan
2 γr sin γrM˙
, (10)
ε(r) =
6cp
3/2
r k
1/2
1
ασT sin
2 γr tan γr
, (11)
T (r) =
(
ε(r)
b
)1/4
, (12)
τ(r) =
√
0.11σTT−7/2nΣ, (13)
n(r) =
Σ
2mpz0
, (14)
vr(r) =
M˙
2piΣr
, (15)
where,
k1 = 2piGρ∗
(1− e2)1/2
e3
, (16)
γr = arcsin
(ae
r
)
, (17)
γa = arcsin(e), (18)
pr = (γr − sin γr cos γr), (19)
pa = (γa − sin γa cos γa). (20)
M˙ is mass accretion rate, σT is mean opacity of the mat-
ter for Thomson electron scattering, α = 0.01 is viscosity
coefficient, mp is the mass of proton, b = 3σb/c where σb
is Stefan-Boltzmann constant, ε(r) is radial distribution of
energy density, τ(r) is optical depth, n(r) is the number
density of the steady thin accretion disk.
We also confirmed that region we considered is radi-
ation pressure dominated for mass accretion rate close to
Eddington mass accretion rate, M˙ = 0.8M˙Edd. This mass
accretion rate makes the disk radiation pressure dominated
for very inner regions of the disk. In this region ratio of ra-
diation pressure to gas pressure is larger than unity, where
gas pressure is calculated using ideal gas equation of state.
The Eddington mass accretion rate for the MS we consid-
ered is M˙Edd ≈ 1017g s−1 for MS mass M∗ = 2.1M. We
also see from Eq. 9 and Eq. 14 which have dependence on
mass accretion rate M˙ which makes Pgas to depend on mass
accretion rate M˙−2. This corresponds that if we increase the
mass accretion rate the gas pressure Pgas will decrease fur-
ther. This will maintain our assumption of radiation pressure
dominated region in the inner region of the accretion disk.
2.2.2 Gas pressure dominated region, electron scattering
In case of mass accretion rate very low as compare to Ed-
dington mass accretion rate, M˙ . 0.1M˙Edd the disk will
be gas pressure dominated (Pg >> Pr). We assumed that in
this case electron scattering gives main contribution to opac-
ity. The sound speed in this region is given by v2s = kT/mp.
The disk parameters are governed by following power laws,
Σ(r) =
(
bck
3/2
1 M˙
3m4pp
3/2
r
3σTpi3α4k4r
) 1
5
[
1−
(
pa
pr
)1/2 (a
r
)2]3/5
, (21)
ε(r) =
3QσTΣ(r)
4c
, (22)
T (r) =
(
ε(r)
b
)1/4
, (23)
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z0(r) =
√
kT (r)
mpΩ2
, (24)
n(r) =
Σ(r)
2mpz0(r)
, (25)
τ(r) =
√
σTσffΣ(r), (26)
vr =
M˙
2piΣ(r)r
. (27)
where, Ω is orbital frequency given by Eq.2, Σ(r) is the
height integrated surface density, T (r) is the disk central
temperature, z0(r) is the half thickness of the disk, n(r) is
the number density, τ(r) is the optical depth and vr is the
radial velocity. σT is opacity, c is speed of light, α is angular
momentum transportation factor, mp is the mass of proton
and σff is opacity due to free-free absorption.
2.3 Non-stationary accretion disk
In non-stationary model we numerically studied the time
evolution of the thin accretion disk around MS. The viscos-
ity mechanism causes a transport of angular momentum out-
wards and matter accretion inwards. We numerically inte-
grated the diffusion equation Eq. 28 with constant viscosity
ν as a first approximation. We used Crank-Nicolson method
which is described in Birnstiel, Dullemond & Brauer (2010)
to solve the linear diffusion-advection equation in code units.
We wrote the diffusion equation in terms of angular velocity
so these equations can be fed with either MS potential or
any different potential or angular velocity to see the non-
stationary behavior of the viscous accretion disk.
∂Σ
∂t
= −1
r
∂
∂r
[
1
2pi(r2Ω)′
∂G
∂r
]
(28)
vr =
1
2pirΣ(r2Ω)′
∂G
∂r
(29)
where,
G(r, t) = 2pirνΣr2Ω′ (30)
is the torque exerted by two adjacent rings to each other in
the accreting matter. Now if we choose the Keplerian angu-
lar velocity the above equations reduce to diffusion equation
used for study of accretion disk evolution by various models
based on α-disk model (Lynden-Bell & Pringle 1974).
∂Σ
∂t
=
3
r
∂
∂r
[
r1/2
∂
∂r
(
νΣr1/2
)]
(31)
vr = − 3
Σr1/2
∂
∂r
(
νΣr1/2
)
(32)
where Σ is the surface density, ν is kinematic viscosity. Now
using Eq. 2, Eq. 28 and Eq. 29 we shall compute the time
evolution of the accretion disk for different eccentricities e of
the MS. Depending on eccentricity e, matter can be diffused
either rapidly or slowly.
3 RESULTS
3.1 Steady state disk
In this section we shall use Eq. 9 to Eq. 15 and Eq. 21 to
Eq. 27 to describe the results in inner region of the accre-
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Figure 4. Plot shows the variation of photo-sphere temperature
(Eq. 33) for eccentricities e = 10−4 (black dotted dashed curve),
e = 0.2 (red dashed curve) and e = 0.8345 (solid blue curve). The
mass accretion rate is fixed at M˙ = 10−4M˙Edd.
tion disk. The radius of MS for e = 0.0 is R0 = 10
6cm. The
constant density of MS, ρ∗ = 1015g cm−3. In this model to
calculate disk parameters we changed the eccentricity, e of
MS to see the effect on the disk thickness, surface density,
temperature and radial velocity of accreting matter in the
inner region of accretion disk. We chose two extreme lim-
its of eccentricity which are e = 10−4, e = 0.8345 and an
intermediate value of e = 0.2.
Fig. 2 and Fig. 3 show the radial variation of half-
thickness z0(r), surface density Σ(r), disk central temper-
ature T (r) and radial velocity vr(r) for M˙ = 0.8M˙Edd
mass accretion rate (radiation pressure dominated disk) and
M˙ = 10−4M˙Edd (gas pressure dominated disk) respectively.
In this case the inner grid point of the plot for all the pa-
rameters is 2a to avoid singularities at the inner boundary
of the disk. We see from upper left panel a difference in the
half thickness of the accretion disk for different eccentric-
ities e = 10−4 (black dashed-dotted curve), e = 0.2 (red
dashed curve) and e = 0.8345 (solid blue curve). Higher
eccentricity e of the star corresponds to lower disk thick-
ness at a particular radial distance from the center of MS.
The half-thickness z0(r) of accretion disk increases rapidly
at smaller radii but at large radii the disk thickness is al-
most constant and reduces to standard α-disk. The upper
right panel shows the logarithmic plot of the surface den-
sity distribution in the inner region of the accretion disk.
We see that for M˙ = 0.8M˙Edd mass accretion rate for
higher eccentricities the surface density is higher than for
the lower eccentricities. In case of low mass accretion rate
, M˙ = 10−4M˙Edd, the higher eccentricity corresponds to
low surface density. The surface density Σ(r) also increases
with radial distance in the inner region of the accretion disk
for M˙ = 0.8M˙Edd mass accretion rate but for low mass
accretion rate, M˙ = 10−4M˙Edd, disk is gas pressure domi-
nated. In gas pressure dominated region surface-density of
the accretion disk decreases with radial distance. The lower
left panel shows the radial variation of central temperature
T (r) in the accretion disk. In case of higher eccentricity the
central temperature is lower. The lower right panel shows
the radial velocity profile vr(r) in the accretion disk.
c© 2014 RAS, MNRAS 000, 1–10
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Figure 2. Multiplot shows logarithmic radial variation of height z0(r), surface density Σ(r), central temperature T (r) and radial velocity
vr(r) for radiation pressure dominated region. The mass accretion rate for this plot is M˙ = 0.8M˙Edd. The different chosen eccentricities
are shown by e = 10−4 (black dotted-dashed curve), e = 0.2 (red dashed curve) and e = 0.8345 (solid blue curve). This color convention
for chosen eccentricities is same throughout the article. The left upper panel shows the logarithmic radial variation of half-thickness z0(r)
of the disk. The right upper panel shows the logarithmic radial variation of the surface density Σ(r). The left lower panel shows the
logarithmic radial variation of the disk central temperature T (r). The lower right panel shows the logarithmic radial variation of radial
velocity vr(r) of the accreting matter.
3.2 Disk thermodynamics and Spectra
The most important parameter for observational interest
is emitted spectra from the accretion disk. Emitted spec-
tra also corresponds to the size of accretion disk. We com-
puted spectra using surface temperature of accretion disk.
We chose a fixed outer radius of the accretion disk to see the
behavior of the emitted spectra with change in eccentricity.
The accretion disk we assumed here is optically thick in the
z-direction therefore we can assume that each element of the
disk emits as black body with surface temperature Ts(r).
Using angular velocity from Eq. 2 and equating the dissipa-
tion rate per unit area to the black body flux we computed
temperature of the accretion disk. Using the calculated tem-
perature we can calculate intensity and with intensity, flux
of emitted spectra from the accretion disk.
Ts(r) =
[
M˙rΩT1(r)
4piσ
dΩ
dr
]1/4
(33)
where T1(r) is defined as
T1(r) = 1− Ω(a)a
2
Ω(r)r2
(34)
Now approximating the disk emitted spectra with black
body we have
I(ν) = Bν [Ts(r)] =
2hν3
c2(ehν/kTs(r) − 1) (35)
using Eq. 34 we computed flux emitted from accretion disk
by integration over the whole disk.
F (ν) = 2pi
∫ 100R0
a(e)
I(ν)rdr (36)
the integration in Eq. 36 gives emitted spectra from the disk.
Fig. 4 shows the variation of photo-sphere temperature. We
see a significant change in photo-sphere temperature Ts(r)
unlikely central disk temperature, T (r) (Eq. 12). We also see
from Fig. 4 that at large radii surface temperature Ts(r) for
different eccentricities correspond to same value. This is so
because orbital frequency (Eq. 2) reduces to its Keplerian
value at large radial distance. This corresponds to photo
sphere temperature for accretion disk around spherical ob-
ject. This can also be verified from Eq. 33 by substituting
orbital frequency as Keplerian orbital frequency for poten-
tial due to spherically symmetric central object. The central
c© 2014 RAS, MNRAS 000, 1–10
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Figure 3. Multiplot shows logarithmic radial variation of height z0(r), surface density Σ(r), central temperature T (r) and radial velocity
vr(r) for gas pressure dominated accretion disk. The mass accretion rate for this plot is M˙ = 10−4M˙Edd (gas pressure dominated disk).
The different chosen eccentricities are shown by e = 10−4 (black dotted-dashed curve), e = 0.2 (red dashed curve) and e = 0.8345 (solid
blue curve). This color convention for chosen eccentricities is same throughout the article. The left upper panel shows the logarithmic
radial variation of half-thickness z0(r) of the disk. The right upper panel shows the logarithmic radial variation of the surface density
Σ(r). The left lower panel shows the logarithmic radial variation of the disk central temperature T (r). The lower right panel shows the
logarithmic radial variation of radial velocity vr(r) of the accreting matter.
temperature and surface temperature has same behavior on
eccentricity change, higher the eccentricity lower the tem-
perature (Fig. 2, Fig. 4). We considered two different mass
accretion rates in units of M˙Edd ≈ 1017g s−1 for chosen den-
sity and radius of MS. Fig. 5 and Fig. 6 shows the logarith-
mic variation of emitted spectra from the accretion disk for
mass accretion rate M˙ = 10−4M˙Edd and M˙ = 0.5M˙Edd with
MS eccentricities e = 10−4 (black dashed curve) e = 0.2 (red
dashed curve), e = 0.5 (solid green curve) and e = 0.8345
(solid blue curve). The high frequency emission occurs at
inner region of the disk where Maclaurin spheroid potential
dominates. This gives small difference in high frequency re-
gion for emitted spectra of accretion disk. In our model we
assumed that disk terminates on the surface of MS which has
solid surface. This can cause formation of boundary layer re-
gion (Popham & Narayan 1995; Popham et al. 1996; Tham-
pan & Datta 1998). At this region the angular velocity of
the accreting matter which is described by Eq. 2 will change
to angular spin rate of MS. If the angular spin rate of the
MS, Ω∗ < Ω(R0) it will form boundary layer region. In case
of low eccentricity MS the angular velocity of matter will be
significantly large as compare to angular spin of MS. This
can also significantly affect the emitted spectra from the in-
ner region of the accretion disk. In this paper we are only
interested for spectra emitted from the disk due to dissipa-
tion in the disk only. The detailed discussion of boundary
layer region will be addressed in the future work.
3.3 Evolution of surface density
We used the physical model of non-stationary accretion disk
described in §2.3 to study the time evolution of accretion
disk. We numerically integrated Eq. 28 and Eq. 29 by us-
ing Crank-Nicolson algorithm. We assumed an initial Gaus-
sian density distribution of matter at a radial distance of
r = 1.5a as the initial condition to solve the diffusion equa-
tion (Eq. 28). In all the results of non-stationary disk the
time is in viscous time scale, tvisc = a
2/ν, a being the semi-
major axis of the star. In our model we are interested for con-
stant viscosity prescription therefore the kinematic viscosity
coefficient ν = 0.01 (in code units) is constant through-
out our numerical computation. Similar to our analytical
c© 2014 RAS, MNRAS 000, 1–10
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Figure 7. Time evolution of the ring of matter at a radial distance of r = 1.5a. The vertical axis shows the surface density scaled with
initial surface density of ring of matter with mass m. The horizontal axis corresponds to radial distance form the center of star. The
leftmost panel shows the time evolution of the surface density Σ for e = 0.2. The initial density Gaussian profile is shown by green long
dashed curve in all three panels. In the left panel τ = 0.005 (solid red curve), τ = 0.01 (dashed red curve) and τ = 0.015 (red dashed
curve) are showing the time evolution of the ring. The middle panel shows the time evolution for e = 0.8345. The middle panel also
shows the evolution for τ = 0.005 (solid blue curve), τ = 0.01 (dashed blue curve) and τ = 0.015 (blue dashed curve are shown. The right
most panel shows the time evolution for e = 0.0001 with same curve types for same evolution time of τ = 0.005, e = 0.01 and e = 0.015
with black color.
model we covered the range of eccentricity from lower value
e = 0.0001 to critical limit e = 0.8345 with an intermediate
value of e = 0.2.
In Fig. 7 we plotted the time evolution of surface density
for the ring of matter at r = 1.5a for e = 0.0001, e = 0.2
and e = 0.8345. The vertical axis shows the surface density
Σ(r) scaled with initial surface density. The horizontal axis
corresponds to radial distance from the center of star scaled
with semi-major axis a of the MS. The leftmost panel shows
the time evolution of accretion disk with e = 0.2 for viscous
time τ = 0.005 (solid red curve), τ = 0.01 (dashed red
curve) and τ = 0.015 (dotted-dashed red curve). The green
long dashed curve in all the panels shows the initial Gaussian
density distribution at τ = 0.0. The middle plot shows the
time evolution in case of e = 0.8345 for time steps of τ =
0.005 (solid blue curve), e = 0.01 (blue dashed curve) and
e = 0.015 (blue dotted dashed curve). We showed from left
and middle panel that if the eccentricity is high the matter
will diffuse rather slowly as compared to lower eccentricities
(inverse law). The rightmost panel shows the limiting case
e = 0.0001 to compare the results from an accretion disk
evolution in case of spherically symmetric objects. Similar
to left and middle panel rightmost panel shows the time
evolution for viscous time τ = 0.005 (solid black curve),
τ = 0.01 (dashed black curve) and τ = 0.015 (black dotted-
dashed curve).
In Fig. 9 we also showed the behavior of the Gaussian
ring of matter at r = 2.5a for an eccentricity of e = 0.0001.
The goal to present this figure is to avoid the confusion from
Fig. 7. The matter in Fig. 9 spread almost symmetrically
around r = 2.5a. We also tested our numerical code by re-
ducing the code parameters to the limiting case of existing
results of spherically symmetric potential. In the appendix
various code parameters are defined in which we chose pa-
rameter D (Eq. A9) which corresponds to the diffusion of
matter. Fig. 10 shows the variation of D with radial distance
c© 2014 RAS, MNRAS 000, 1–10
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Figure 5. Logarithmic plot shows the emitted spectra from the
accretion disk with mass accretion rate, M˙ = 10−4M˙Edd. Four
different eccentricities, e = 10−4(black dotted-dashed) e = 0.2
(red dashed), e = 0.5 (solid green) and e = 0.8345 (solid blue)
are shown in the plot.
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Figure 6. Logarithmic plot shows the emitted spectra from the
accretion disk with mass accretion rate, M˙ = 0.5M˙Edd. Four
different eccentricities, e = 10−4 (black dotted-dashed) e = 0.2
(red dashed), e = 0.5 (solid green) and e = 0.8345 (solid blue)
are shown in the plot.
for eccentricities e = 0.0001 (black dotted-dashed curve),
e = 0.2 (red dashed curve) and e = 0.8345 (solid blue curve).
The limiting value in case of Keplerian angular velocity or
e = 0.0 is D = −3.0. We see from Fig. 10 that as we decrease
the eccentricity, parameter D is converging to D = −3.0.
Also for larger radial distance the parameter D converges to
the limit of spherically symmetric potential (D = −3.0).
4 DISCUSSION
4.1 Steady thin disk
We found that our approximation of potential due to
Maclaurin spheroid (MS) cause changes in the steady state
thin disk parameters, half thickness z0(r), surface density
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
e
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g(e
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Pgas<< Prad
Figure 8. Plot shows eccentricity dependence of surface density,
Σ(r), at r0 = 5.0a in the radiation and gas pressure dominated
results respectively. The x-axis shows the eccentricity, e of the
MS and y-axis shows the function of eccentricity corresponding
to dependence of surface density, Σ(r), on the eccentricity of MS.
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Figure 9. Plot shows the limiting case of e = 10−4 for an ini-
tial ring of matter at r = 2.5a. Green long dashed curve corre-
sponds for the initial Gaussian ring of matter. Solid black curve
corresponds for viscous time τ = 0.005, black dashed curve corre-
sponds to τ = 0.001 and black dotted-dashed curve corresponds
to τ = 0.015. The vertical scale is scaled with initial surface den-
sity of the Gaussian ring of mass m. The radial distance is scaled
with semi-major axis of the MS. The evolution time τ is expressed
in units of viscous time.
Σ(r) and central disk temperature T (r). The disk will be
radiation pressure dominated in the very inner regions for a
mass accretion rate, M˙ = 0.8M˙Edd. We also calculated disk
quantitites for mass accretion rate, M˙ = 10−4M˙Edd where
the disk is gas pressure dominated (opacity is due to elec-
tron scattering). Further depending on mass accretion rate
disk quantities will be either governed by radiation pressure
dominated calculations (Eq. 9 to Eq. 15) or gas pressure
dominated calculations (Eq. 21 to Eq. 27).
In both scenarios, a change in eccentricity from e =
10−4 to e = 0.2 gives almost no change in the calculated
steady state thin disk parameters. We also see from Fig. 2
and Fig. 3 that an increase in eccentricity has same behav-
ior as decrease in mass accretion rate. For example from
c© 2014 RAS, MNRAS 000, 1–10
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Eq. 10 Σ(r) ∝ M˙−1 thus decrease in mass accretion rate
would increase the surface density, similarly increase in sur-
face density is seen with increase in eccentricity (top right
panel Fig. 2). However in gas pressure dominated disk sur-
face density decreases with eccentricity (see Fig. 3) and ver-
ifies the fact that Σ ∝ M˙3/5 (see Eq. 21). Thus radiation
pressure and gas pressure dominated disk show opposite be-
havior with regards to dependence on eccentricity not only
in Σ(r) but also in vr(r) and z0(r) (see Fig. 2 and Fig. 3).
This difference can also be quantitatively investigated with
the in-depth study of dependence of these quantities on the
orbital frequency, Ω(r), for MS potential decreases with ec-
centricity, e (Kluz´niak & Rosin´ska 2013). In general, the
surface density at a particular disk radius r0 is given by,
Σ(e, r0) = Λg(e, r0) (37)
where, Λ is a numerical constant that also incorporates the
steady mass accretion rate. The function g(e, r0) represents
the eccentricity dependence and will be different depend-
ing on whether disk is gas pressure dominated or radiation
pressure dominated.
The variation of the function g(e, r0) with eccentricity
for r0 = 5.0a is shown in Fig. 8 for radiation (green line)
and gas (black dashed) pressure dominated disks. The curve
evidently shows the opposite behavior in the eccentricity de-
pendence for the function g(e, r0) (or Σ(e, r0)) in agreement
to variations seen in Fig. 2 and Fig. 3. In a similar man-
ner, this analysis can be extended to the radial velocity and
half thickness of the disk. However the disk central temper-
ature show similar trends with dependence on eccentricity
for radiation and gas pressure dominated disk. In case of
gas pressure dominated disk T (r) ∝ M˙2/5, since increasing
eccentricity implies to decrease in mass accretion rate, T (r)
decreases with eccentricity seen in Fig. 3. Whereas T (r) in
radiation pressure dominated disk is independent of M˙ and
the net dependence on eccentricity comes from product of
energy flux radiated from the disk and surface density. This
product cancels the increasing trend of surface density with
eccentricity resulting in lower disk central temperature with
higher eccentricity similar to gas pressure dominated disk.
4.2 Dependence of Spectra on eccentricity
We computed the disk spectra for different values of eccen-
tricity e = 10−4, e = 0.2, e = 0.5 and e = 0.8345 of MS. We
know from the existing results that a change in the disk area
changes the emitted spectra. In this paper the only parame-
ter we changed is the eccentricity and since a change in the
eccentricity of the MS is changing the semi-major axis of the
star. The assumption in our model that thin disk terminates
at the surface of the MS changes the inner radius of the ac-
cretion disk and in result gives minor changes to the emitted
spectra from the inner region of accretion disk. Quantita-
tively the inner radius of disk for e = 10−4 is a = 106cm
(as disk terminates on the surface of MS) for e = 0.2 it is
a = 1.007× 106 and for e = 0.8345 it is a = 1.219× 106cm.
This gives minor change in disk area and so emitted spectra
of the disk.
The photo sphere temperature also changes with change
in eccentricity (Fig. 4) which affect the emitted spectra at
high frequency region (Fig. 5 and Fig. 6 ). In Eq. 33 in-
creasing the mass accretion rate M˙ , will increase the sur-
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Figure 10. Plot shows the test of our code in the limiting
case when e → 0 for spherically symmetric object. The vertical
axis shows the variation of the parameter D defined in Eq. A9.
The horizontal axis shows the radial distance form the center of
MS. Three different eccentricities e = 10−4 (black dotted-dashed
curve), e = 0.2 (red dashed curve) and upper limit in our model
e = 0.8345 are plotted.
face temperature. Increase in surface temperature will cause
the peak of spectra to move towards higher frequency. An
increase in eccentricity of MS will decrease the surface tem-
perature Ts(r) and so the peak of the spectra will move
towards lower frequency (Fig. 5 and Fig. 6). We also consid-
ered two different mass accretion rates one mass accretion
rate M˙ = 10−4M˙Edd (Fig. 5) and M˙ = 0.5M˙Edd (Fig. 6).
In case of M˙ = 10−4M˙Edd, mass accretion rate we found
that the peak of the spectra emitted from the disk lies at
approximately 1.0 keV in X-ray band and for M˙ = 0.5M˙Edd
the peak lies at approximately 5.0 keV which is also in X-ray
band. We can also say qualitatively from above discussion
that an increase in eccentricity of MS has same behavior
as decrease in mass accretion rate. The accretion luminos-
ity for M˙ = 0.5M˙Edd is of the order of Lacc = 0.1LEdd.
The disk luminosity may have small changes due to change
in eccentricity of the MS. The emitted spectra may help to
determine the eccentricity and so period of the MS. The pe-
riod of the star can be correlated to eccentricity of MS using
following expression (Finn & Shapiro 1990)
P . 0.66ms
(
M∗
1.4M
)−1/2(
R0(1− e2)−1/6
10km
)3/2
(38)
where R0 is the semi major axis of MS for e = 0.0. If we
assume that our results will hold for neutron stars. This
model may also help to constrain the equation of state and
density distribution in the neutron stars (Kluz´niak 1998;
Stergioulas, Kluz´niak & Bulik 1999). The determined pe-
riod and equation of state or density distribution may help
to discriminate between neutron star, quark star and white
dwarf. The estimation of eccentricity of MS with the help
of disk spectra may also help to understand whether ISCO
lies above the surface of star or not.
c© 2014 RAS, MNRAS 000, 1–10
10 B. Mishra, B. Vaidya
4.3 Non-stationary disk
The results of non-stationary disk are also dependent on
eccentricity of MS. This is indeed due to different choice
of potential in our model. We found that if the eccentric-
ity of the central object is lower the viscous evolution of
the accretion disk will be more rapid as compared to high
eccentricity. The choice of location of initial Gaussian distri-
bution of matter is also important in our numerical model.
We kept initial distribution of matter at r = 1.5a, which
is very close to the MS. If we start at large radial distance
as we can see from Fig. 10, the effect of eccentricity change
will not be significant. From this result we can also explain
that a spin-up or spin-down of the rapidly rotating MS can
change the viscous evolution of the accretion disk. If the MS
spin-up eccentricity will increase and in result the diffusion
will be slower and if spin-down i.e. decrease in eccentricity
it will cause rapid evolution of the accretion disk. We also
see from Fig. 10 that a change in eccentricity changes the
diffusion coefficient.
We can also study the variability phenomenon in the
accretion disk (Shakura & Sunyaev 1976). The change in dif-
fusion term D can cause the variability in the accretion disk.
In this way a change in eccentricity may either slow down
the diffusion or enhance the diffusion. In non-stationary disk
also we see that an increase in eccentricity of MS has same
behavior as decreasing the mass accretion rate. Although
time scale to change the eccentricity of the MS is much
larger than the dynamical time scale of the disk but it may
help to understand variability phenomenon occurring in the
accretion disk.
5 CONCLUSIONS
1. We used Maclaurin spheroid potential to study geomet-
rically thin accretion disk. Semi-analytic work is done for the
steady state disk and numerical work has been carried out
to study non-stationary behavior of the disk.
2. We found that qualitatively a change in eccentricity
plays a same role as decrease in mass accretion rate. We
confirmed this behavior by computing emitted spectra from
the accretion disk. This is also clear from the various disk
parameters presented in Fig. 3.
3. We also found in our thin disk analytical calculations
that dependence of disk parameters like thickness, surface
density and radial velocity on eccentricity of MS is opposite
for radiation and gas pressure dominated disk (opacity due
to electron scattering). The disk central temperature has
the same dependence on eccentricity, higher the eccentricity
lower the disk central temperature.
4. We numerically solved the non-stationary accretion disk
and found that an increase in luminosity can slow down the
diffusion of the matter.
5. We also suggested astrophysical applications of our re-
sults. The emitted spectra in our results can help to estimate
the eccentricity thus period of neutron stars or quark stars.
Period of star may help to understand the equation of state
of neutron star or quark star.
APPENDIX A:
A1 Steady-state disk
A1.1 Gas pressure dominated region, free-free absorption
In this region similar to gas pressure dominated region
Pg >> Pr but the opacity is determined by free-free ab-
sorption. Sound speed is defined as v2s = kT/mp.
Σ(r) =
(
mp
(2piαk)4/5
)(
32pirbcM˙7
(
Ωr2 − Ω(a)a2)
3Ω dΩ
dr
)1/10
(A1)
T (r) =
(
3QΣ(r)1/2Ω
2m
1/2
p
)1/8
(A2)
z0(r) =
√
kT (r)
mpΩ2
(A3)
n(r) =
Σ(r)
2mpz0(r)
(A4)
τ = σffΣ(r) (A5)
vr =
M˙
2piΣ(r)r
(A6)
where
Q = −M˙
(
Ωr2 − Ω(a)a2)
4pir
dΩ
dr
. (A7)
is the energy flux radiated from unit surface of disk in unit
time and rest of the parameters defined above have the same
notation as in the radiation pressure dominated region of the
accretion disk.
A2 Non-stationary accretion disk
The Crank-Nicolson algorithm we used has been already de-
scribed in very detail for solving a general form of advection-
diffusion equation (Birnstiel, Dullemond & Brauer 2010).
Here we shall describe the different terms which we calcu-
lated for our model to fit with Eq. A8
∂Σ
∂t
+
∂
∂r
(Σu)− ∂
∂r
[
hD
∂
∂r
(
ν
Σ
h
)]
= LΣ (A8)
where
D =
rΩ′
(2Ω + rΩ′)
(A9)
u =
νΩ′
(2Ω + rΩ′)
(A10)
h = 1/(r3Ω′) (A11)
L = −νr3Ω′
[
3
r4l1
+
3Ω′ + rΩ′′
r3l21
]
(A12)
where Ω′ is the derivative with respect to radial distance
from center of MS and
l1 = (2Ω + rΩ′) (A13)
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